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ABSTRACT

It is well known that artificial neural nets can be used as approximators of any continous
functions to any desired degree and therefore be used e.g. in high-speed, real-time process control.
Nevertheless, for a given application and a given network architecture the non-trivial task rests to
determine the necessary number of neurons and the necessary accuracy (number of bits) per weight
for a satisfactory operation.

In this paper the accuracy of the weights and the number of neurons are seen as general
system parameters which determine the maximal output information (i.e. the approximation error)
by the absolute amount (network description complexity) and the relative distribution of information
contained in the network. A new principle of optimal information distribution is proposed and the
conditions for the optimal system parameters are derived.

For two examples, a simple linear approximation of a non-linear, quadratic function and a
non-linear approximation of the inverse kinematic transformation used in robot manipulator control,
the principle of optimal information distribution gives the the optimal system parameters, i.e. the
number of neurons and the different resolutions of the variables.

Keywords: Transinformation, information distribution, approximation network, robot control
error, storage optimization.

1. Introduction

One of the most common tasks of artificial neural nets is the approximation of a
given function by the superposition of several functions of single neurons. This is
especially useful for real-time, high-speed controller for industrial process control which
are often implemented with descrete electronic components.

Similar to the well-known theorem of Stone-Weierstra (see e.g. [4] for
regularization networks) Hornik, Stinchcomb and White have shown [14], [6] that every
function can be approximated by a two layer neural network (see Fig. 1) when a
sufficient large number m of units is provided. Sufficient large - What does this mean?
How do we select the appropriate number of neuronal processors for a certain application
and implementation ?

Let us consider only the case of one-dimensional output, as it was done in the paper

~~_ [6]. Analogous results hold for multi-output networks, i.e. vector-valued functions.
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Fig. 1. A two-layer universal approximation network.

1.1 The representation of information in neural networks

To give an answer to this question, we first have to remark that our standard modelling
of artificial neural nets do not reflect an important feature of reality: the discreteness of
all real valued events. Contrary to the modelling of synaptic weights and neuronal
activity (spike-frequency) by real numbers, there do not exist real numbers in reality.

Instead, there exist a kind of noise and imprecise operations which give rise to a
certain amount of error in all real world systems. Especially in simulations and
implementations of neural nets we replace all real numbers by more or less fine-grained
physical variables, e.g. counters or other d screte variables, with a finite error. This
concept is consistent with the restriction of "finite information” in our system: the
information of a variable x is defined by

I(x;) := - 1d (P{x;}) [Bits] Information (1.1)

If all states x; are equiprobable, the information is the binary logarithm of the number of
possible states. For a real number, the number of different values x; is infinite. Thus, if
we have no a priori knowledge about the occurence of the states and we have therefore to
assume 2 uniform, non-vanishing probability distribution for them, a real number has an
infinite amount of information. This argument is also valid for the averaged information,
the entropy, introduced by Shannon [13]

H:=(I(x))=-ZiP;IdP;=—[px)1dp(x)dx, Entropy 1.2)

which also becomes infinity for a uniform distribution p(x) := 1/d over the whole range
of the real variable x

+df2
lim H(d) = lim — _d,zf 1/d 1d(1/d) dx = lim — 1d(1/d) = .

d— oo d— oo d—

Because all systems deal with finite amounts of information, there are no "real" real
numbers used in neural systems; all weights have a distinguishable number of states (at
least due to quantum physics) and therefore contain a certain amount of information in
the sense of the above definition (1.1).
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1.2 Optimal Approximation Layers

Many technical and biological systems consists of stages or layers of operations,
which process the incoming information in a pipe-lined manner. If we assume the
necessity of all stages, then we can optimize the whole information processing system
when we optimize each layer seperately. Therefore, let us consider the conditions for
optimal layers.

This leads us to the question : optimal - in what sense?

All feed-forward layers can be seen as a mapping of a sets of points {x} of the input
space to discrete points {y;} of the output space. If there is only a single point in the
output space, the approximation will not be fine: there is certainly less information in the
output than in the input. Therefore, one plausible principle of a good mapping is to
transmit as much information from the input to the output as possible (maximal
information principle). This optimality criterion was proposed for instance by Linsker
[10] for neural networks, who suggested that this might be a fundamental principle for
the organization of biological neural systems, and Haken [5] who found this a common
principle in physical and chemical systems. Originally it was introduced by Shannon [13]
for the transmission channel of a message between a sender and a receiver. In Fig. 2, this
situation is shown for one layer.

Outputyd) d) . b

Fig. 2. The information transmission through a layer.

Knowing the input pattern x, the Shannon information gain from the N output points y; is

by (1.1)
Lirans = Tow - Ioutfmp = -In[P(yp] + In[P(y;/x)] .

The average transmitted information or transinformation H,, ., for all inputs and outputs
is
Htrans:=<Itrans)yi x Tour yix ~ <Ioutfmp>yi,x
=- 2 P(ypln[P(y)] - X, P(x) Z; P(y/x)In[P(y;/x)] .
The transinformation H,,, . is maximized when
!
Towdy;x = Max , (1.3)
! .
<Ioutf1np>yi,x = mm . 14
The condition (1.3) results when
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P(y)* = P(y)* = UN for all i,j (1.5)

This is shown for the convenience of the reader in appendix A. If we indentify each state
y; with a small, finite interval in the output continuum, the condition above says that we
should partition the most frequently used regions of the output space by a finer grid to
reflect the non-linear properties of the mapping, contrary to the findings of Linsker [11].
This is an important result for neighborhood-conserving mappings as they are used in
section 3.4.

When we do not know the input distribution, we might assume an uniform
probability distribution at the output and condition (1.5) already holds. Then the demand
of (1.3) transforms to the demand for maximizing the number of distinguishable output
states. This is done in the next section 2.

Let us now consider the second condition. For the demand of (1.4) we know now that
the values for P(y;/x) must be very unequal to yield a minimum. This is the case when
every input pattern x is assigned deterministically to only one appropriate state y; and the
noise (see Fig. 3) is set to zero. With this assumption, we get <Iout/inp> = 0 (see [2]),
which is the absolute minimum for the information loss.

Under this condition, it is sufficient for an optimal layer to supply the demand of
(1.3) for maximal output information. The next section shows us, how we can obtain this
by a proper choice of the network parameters.

2. Optimal Information Distribution

An important example for a feed-forward network layer is the approximator network
of Fig. 1. Let us regard an approximation ?for the function f: R* 3 x— f(x)eR. For
example, this can be done by a two-layer neural network (Fig. 1). Let the positive root of
the maximal quadratic error of this approximation be d; with

42 = ({x)-fe)? . @1

Then we can regard the error as a kind of discretization error. Denoting the complete
value range with V¢ := If - f .|, we can conclude that there are only V/d
distinguishable, fixed states of the variable f which differ by an increment of d=2d;. All
other states are indistinguishable from deviations of the fixed states. Thus, unless we do
not know anything more about the input distribution of {x} and therefore nothing more

about the error distribution, the output has minimal
Iy = 1d (Ve /d) 2.2)

bits of information.
The system parameters which determine the error of the approximation, are on the
one hand the resolution of the weights or its information content

I,=1d(V,/d,) @.3)

with the weight increment dW and on the other hand the number m of neurons.
Certainly, when we increase the number of neurons and the number of bits per
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neuron the approximation will become better and the error will decrease. Nevertheless,
for a certain system with a finite amount of information storage capacity (such as a
. digital computer) the network description information (system state) will be limited. For
constant information neither one neuron with high-resolution weights nor many neurons
with one bit weights will give the optimal answer; the solution is in between the range,
- cf. Fig. 7.

Therefore, we have to solve the problem: what is the best information.distribution in
the network, i.e. what is the best choice for the parameters m and I, to maximize the
Information I, or to minimize the approximation error d;, using a fixed amount of
system information I, ? Let us denote the parameters m, I, .. as general system
parameters cy, ..., Cy.

Sys

2.1. The Principle of Optimal Information Distribution

Let us first derive the conditions for the optimal system parameters by some plausible
considerations, first presented in [2]. The conventional mathematical approach will be
covered by the section 2.2 later.

Assume on the one hand that we transfer a fixed, small amount of information from
one parameter to another and we will find the maximal output information Iout increased
by decreasing the approximation error. In this case the information distribution induced
by the parameter values of cq, ..., ¢, was not optimal; the new one is better. Let us
assume that on the other hand we find that the output information has decreased, then the
information distribution is not optimal, too; by making the inverse transfer we can also
increase L.

These considerations lead us to the following extremum principle:

In an optimal information distribution a small (virtual) change in
the distribution (a change in c,, .., ¢;) neither increases nor
decreases the maximal output information.

A small increment of additional information 3l in the system will produce a change
8I . in the minimal output information

k
Ol = 81sys 9 L= 81sys El 9 ILyulcy, ti) o - 24
Sys a aci sys

out

Each term in the sum of Eq. (2.4) represents an information contribution of a system
parameter when we increase the overall system information L. According to the
principle above, an optimal distribution is given when all terms in the sum i.e. all
information contributions of all system parameters are equal.

With the definition (2.2) we get for each term of the sum of (2.4)

31, (Cp ) =2 (V@)= -1 d =- 1
g ouCr> ) aci(1 (V@)= - 3 a4 %%f @.5)

1

and so the optimal distribution resides when

adcdcy = ... =dd:dc 2.6)
St U
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is satisfied. The k£ independant terms gives us (k-I) equations fo k variables cy, ..., ¢,
leaving us with a degree of freedom of one. So, choosing the amount of available
information storage Iy (Cy, ....c;) = Iy, the parameters ¢y, ..., ¢, are fixed and with I,
the smallest error d; for the particular application will result. On the other hand, for a
certain maximal error a certain amount of network information is necessary.

2.2. The Optimal System Parameters

Now we want to compare the above principle to a more conventional mathematical
approach. The maximal information I, introduced above is a multivariate function
Iyu(Cq,esCp). If we want to get the maximal information out of the system using only a
certain amount of system information we look for an optimal parameter tupel (¢ *,....c,*)
such that

Lyu(C1™,nC ™) = max 1 ,(CpoeeniCy) 2.7
CiseeesC

which is accompanied by the constrain that the whole information Liys in the system
should not be changed during the maximization process

Liys(C1onnniCy) = I = comst . 2.8)

By these two conditions the relative maximum (2.7) of the multivariate function I, is
searched under the constrain of (2.8). The standard method to solve a problem like this is
the method of Lagrange multipliers. For this purpose, let us define the differentiable
function

L(C siCioP) i= I q(CpoeneiCy) + AI(Cyse...C)  Lagrange function 2.9)
with the Constrain Itcl,...,ck) =Ly(CppnnCi) - Ip=0.

Since the Lagrange function includes the restriction, the necessary conditions for a
relative maximum of the Lagrange function gives us the optimal values for the system
parameters

9 Lic*)=0, ..., 3 L(g*)=0, 9. L) =0. 2.10
z)_cl(cl) a_ck(ck) Jx( ) 2.10)

The conditions above transform to the equations
QI M +Ad Ie®)=0, ..., 21 »+Ad I *)=0, (211a)
aCl a Cl ack 8 Ck

1(Cy % ¥) =0 . (2.11b)

Let us assume that the function I(c;,...,c}) is invertible for each system parameter. Then
we know that 2 3L 3 ) o)
Icp=0 L. (c)=[dc B 1
ac; “ 9 cisys ’ [ aIs;s(ci)]

and the conditions (2.11a,b) become

d I (c®dey =-A=...=9 I (c*) , (2.132)
b cloul 1 :ys %—Ckout k gﬁl;s



Determination of Neural Network Parameters ... 211

LiyslC1*seic¥) =1 - (2.13b)

Eqs. (2.13a) say that for the necessary conditions of an optimal information distribution
all the terms on the left hand side of (2.13a) should be equal: This is the principle of
optimal information distribution as it is stated above in section 2.1 and expressed in
equation (2.6). The last condition (2.13b) is just our well-known restriction (2.8).

3. Application Examples

In this section, first we want to demonstraty the above procedure by a very simple
example: the approximation of a quadratic form by a polyline or linear splines.
Throughout in this example, all design decisions (choice of value ranges, etc.) are taken
for demonstration purposes only; the whole example is simple enough to be verified
analytically by the interested reader.

The second section is intended to be more realistic, but is also more complicated:
Here we show the use of the information distribution principle for the application
example of a robot control algorithm which uses a non-linear, learned mapping. Since
the computations are quite complex, they are given only as an overview. The more
interested reader is referred to [2].

Let us now regard the simplified example.

3.1. The Approximation of a Simple Non-linear Function

Let us consider the simple non-linear function f(x) = ax2 + b. The approximation of this
function can be accomplished by a network with one input x shown in Fig. 3.

A

S(z)

A
(x) 0.51

Fig. 3. The network for approximating f(x) = ax2 + b and the unit output function.

Another version of the quadratic function is the logistic function x(t+1)= f(x) := ax(1-x)
= ax-ax2 which yields deterministic chaotic behavior in the interval [0,1] for some values
of a [3]. This system can be approximated by the network of Fig. 2, using an additional,
direct input Wx for the second layer to model the linear term ax of the logistic function.
The learning of the weights and thresholds by the Backpropagation-Algorithm was
demonstrated by Lapedes and Farber [9].

Let us return to our example of the quadratic function f(x) = ax2 + b. Each neuron of
the network of Fig. 3 has the output y; with the output function y; = S(z;) and the
activation function z;
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z=Xwyx (3.1

54

which becomes for the first layer

=W, X+ with the threshold t;, (3.2)

and for the second layer A »
f(x) =2, W;S(z) +T  with the threshold T. (3.3)

Let us assume that we use a simple limited linear output function as squashing function

1 1<z ,
s@)= | z Ozl (34)
Zi .

The definition (3.4) satisfy the conditions S(es) = 1, S(—o0) = 0 of {6] and is shown in Fig.
2 on the right-hand side. The choice of a linear output function is not only motivated by
its analytical simplicity, but also by fact that it can be easily implemented by an ordinary
analog, linear electronic amplifier with output signal limits.

Let us assume that all the weights have converged by a proper learning algorithm for
an approximation of the non-linear function by linear splines. If the linear interval
0<z;<1 of each neuron is identical to the one of the others, the superpostion will again
yield only a line, resulting in a bad approximation of a parabola by one line. To obtain as
many approximating lines as possible, the learning algorithm have to make all intervals
different. Since the output of each neuron is only linear in x when z; €]0,1[ and
otherwise it is constant 0 or 1, it is a good choice for the approximation to divide the
whole input interval [x,x;] by the m neurons of the first layer into m equal (see app. B)
intervals Ax:= [xi-Ax/2, x+Ax/2] with x=xj+iAx—Ax/2. The segmented normalized
variable z; €[0,1] is 1/2 for x;.

In the second layer, the output z; becomes weighted by the weight W;. Together with
an offset of the previous intervals it represents the linear part of the approximation
function f(x) in the interval [x~Ax/2, x,+Ax/2]:

. ]
fx) = Elwi S@z)+T= '_flwi +T +W, S(z) . (3.5)
i= i=
offset linear part

The resulting approximation is shown in Fig. 4.
The corresponding values for w;, t;, W, and T can be easily analytically calculated. From
the conditions of (3.4) we can conclude

z| =0 z| =1
andby 3.2) weget A2 xiraxf2

w; = 1/Ax = m/(x,—xg) , (3.6a)
and t=— w; (X;—Ax%/2) = Xg/AX +1-i = —mx;/(x-Xp) + 1/2. (3.6b)

Let us choose W; such that in each segment the spline is the tangent of f(x) in x;
Mx)=9 (ax? +b)| =2ax;:=Ay/Ax .
ox ox xi

Since the output S(z) is normalized between 0 and 1, we have to choose the weights W,
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as the normalized tangent at Ax=1. Therefore, the weights become
W, := Ay/1 = 2ax; Ax . (3.6c)

Then the basic threshold T becomes the offset of the approximation at x,, see Fig. 3.
Using Eq.(B.1) we get

fx) 1
0.9;

S

v' T L) Lﬁ-" T T
-1 08 -06 04 -02 00 02 04 06 08 1.0x
Fig. 4. The non-linear function and its approximation.

Example:
For a net of m:=5 neurons we get for a=1, b=0 with Ax=0.4 five non-overlapping
intervals [-1,-.6],[-.6,-.2],[-.2,+2],[+.2,+.6],[+.6,+1] and xi={-.8,-.4,0,+.4,+.8}, Wi={-.64,
-32, 0, +32, +.64}, w;=2.5, t;={+2.5, +1.5, +0.5, -0.5, -1.5}, T=0.98. The maximal
approximation error di;=0.02 has the same order as in the simulation results of
Lapedes and Farber [9].

7]
~
”
[
L

neuron 1

neuron 2

neuron 3

neuron 4

neuron 5

SR N U0 O U T VN W O O O W A O 0 0 O 0 I A S I R

-1 -08 -06 04 -02 00 02 04 06 08 1.0 x
Fig. 5. The individual neural approximations for a=1, b=0, m=5.
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In Fig. 5 the superposition of the approximating function by the individual neural
output S;(x) is shown. Each neuron has its linear output restricted to its input
interval, otherwise it remains constant.

Due to Fig. 4 (and Fig. B.1) we might suppose that the error of the approximation does
not remain constant, but has minimal and maximal values. This is confirmed in Fig. 6 for
the example of five neurons.

d, 002

0.01

< TATAYAVA

-1 -0.8 -0.6 -04 -02 00 02 0.4 06 08 10 x
Fig. 6. The linear approximation error in the interval x_[-1,+1] for m=5 neurons.

L

In real-world applications we are not interested in the mean error over the interval (which
is approximately zero in the above example), but in the maximal error that can occur.
Thus, we aim not to minimize the average error of the approximation, but to minimize
the maximal error. As the error of the linear approximation, we consider therefore the
maximal linear approximation error dnn““’lx which is evaluated in appendix B to

dj;, ™2 = af2 (Ax/2)2. B B.1)

This reflects the error due to the finite number of neurons. Let us now consider the other
source of the approximation error, the finite information in the weights and thresholds,
i.e. the error due to the finite resolutions of the system variables.

3.2. The Resolution Error

To calculate the information after (2.3) for w;, t;, W; and T, we have to define first
the range V,,V,,Vy and Vr of the variables. For the sake of simplicity, let us assume
that the value ranges and the information content of all variables are independant of the
index i. Since the variables w and T are constant, they might be implemented in
read-only-memory (ROM) with min(w;) = 0 = min(T) and thus by (3.6a,b,c.d), we have

max(w;)- min(wl)— =w; = m/(X-Xp) , (3.7a)
max(t;)-min(t)= V, = [-mxol(xl-xo) +1/21 - [-mxll(xl-xo) +1/2} =m, (3.7b)
max(W,)-min(W;) —Vw 2a(x1 X)AX = 2a(x1-x0) 2/m , (3.7¢)

max(T) -min(T) = Vp: --axo +b - a/2 (Ax/2)2. (.79
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The maximal resolution error 8 of a variable in one state is just the half of the resolution
increment d of Eq. (2.3) '

‘ 8=d2 =vp 21, (3.83)
and therefore

8y = Vo /2 2% = m/(x;-xp)2 2TV, (3.8b)

§ =12m2-t, (3.8

dw = a(xyxg)¥/m 27W (3.8d)

dr =af2 (x02+b/a -172 [(xl-xo)/(Zm)]z) 2= af2 gr(m) 21r, (3.8¢)

In the present approximation function example, our information distribution system
parameters i, ...,C, are represented by the number of bits per variable I, I, Iy, and Iy
and the number m of neurons in the first layer. In appendix C the error d,./™** due to the
finite resolutions I, I, Iy , It and m is evaluated to

dmsmax= 2ax1 Ax [8W X1+8t] + maw + 8T . (C2)

3.3. The Optimal Information Distribution

As we have already mentioned, we are not interested in minimizing the average error
of the approximation. Besides, since we do not assume anything about the input
probability distribution p(x), we cannot compute the average error. Instead, as a
performance measure of the approximation network, let us compute the maximal
possible error. The maximal approximation error is given by the worst case condition
that the linear approximation error dy;, and the resolution error d . do not compensate
each other but adding up to

dmax = ¢, max 4. max, (3.9)

The whole information Lo contained in the network is the sum of the information
m(I+L) of the m weights and thresholds in the first layer and the information mly+I
of the m weights and the threshold in the second layer

Lys = M +I+HIyy) + Ip. (3.10)

When we add some information to the system by augmenting the number m of neurons,
the resulting approximation will be better and, naturally, the approximation error will
diminish. When we add some neurons, but reduce the information in the weights and
threshold, such as to conserve the overall system information, the result is not so clear. In
Fig. 7 the approximation error is shown for different values of m and constant system
information I, =708 biis; the number of bits for all other variables are the same
I=Ii=Iw= IT and can be directly computed by Eq. (3.10).

The minimal error of d/2*=2.28x1073 is at m*=16.2 neurons and I;=14.2 bits, about
3% worse than with the optimal system parameters (see example ahead). To get the
optimal parameters, we just have to compute the conditions for the multi-dimensional
minimum of d@2*(m,I_ I Iy I1) which we have already solved in sections 2.1 and 2.2.
The condition (2.6) for an optimal information distribution becomes
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g—m (d]jnmax + dresmax) (%Irﬁys)—l = Q—- lin X 4 dres )@lsys) > (3.11)

log(d™=) 107

L, =708.45 Bit
102 4

103

||||| L L L LI S S B B B |

24681012141618202224262830 m
Fig. 7. The approximation error at constant system information (a=1, b=0).

with the derivatives of (3.10)

ol =1 +1+I ol ..=m=0L =9l ol =1. (3.12)
oy \ It W -gfys les -—fYS jfr){‘s

The five terms of (3.11) should all be equal, giving us four equations with five variables.
In app. D, this is evaluated giving us the three equations

L=1I,+C with C:= 1d((x;-Xp)/x7) , D4

Iy=1+C, (D.8)

Ip = Iy + ld(gpm)/2) 1d(Gxy-x%m) , D.6)
and the equation for the number of neurons

m = h(m,Ip)13. (D.11)

This we can use for numerically given Iy as an iteration formula at the (t+1) ® iteration
for m:

m(i+1) = h(m(p),Ip13 | (3.13)

Since the derivative of h(m)1? is lower 1, the convergence condition is satisfied and the
iteration converges.

Example
Let us consider an information of 16 bits in the threshold T. In the simple case of
Xg=-1, x;=+1, a=1, b=0 we have with I1:=16 bit, C=1 bit the optimal configuration at

m = 16.54 neurons, Iy = 14.95 bit, I;=Iy—C = 13.95 bit, I, = 1,-C =12.95 bit

The overall information in the network is then with (3.10) I, = m{I,+I+ly) + It=
708.45 [bits] and the approximation error is df™2* = 2. 213x10 3, If we augment the
information capacity of the system to It=32 Bit, the error will diminish to dgma*
=1.847x1076 when we use the optimal system parameters.
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Fig. 8 shows the optimal system parameter m when one parameter (the threshold
information Ig) is given at a=1, b=0, x4=-1, x;=1. The corresponding values for Iy, and
the overall system information I, are also plotted. Since the values for I, and I, differ
from Iy only by a constant offset of one and two bits, they are omitted in the figure for
clarity.

log(, )

sys

4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 I, [Bif]
Fig. 8. The optimal system parameters for the approximation network.

In Fig. 9 the minimal approximation error for optimal system parameters is shown in
logarithmic notation for the whole interval of It = 4.. 32 bits. The nearly linear
appearence is due to the fact that all terms of the resolution error contains powers of two,
which transforms to linear terms in I.

log(d™=) 10°-
107
102
103
104

105

106 —
4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 L. [Bit]
Fig. 9. The approximation error at optimal parameter configurations.

The corresponding approximation error for a partially optimal information distribution
with equal resolutions I =L=Iyw=Ir, but balanced to the number of neurons m, are
generally slightly worse than the one for an optimal information distribution.
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The example of the approximation of a simple quadratic function is quite instructive
to evaluate, but has the disadvantage that it is not very common in real world
applications. The question is, whether the proposed principle of information distribution
works in a more realistic environment.

3.4. The Approximation of Robot Manipulator Control

For this purpose let us consider the more complicated task of robot manipulator
position control. The kinematic control computes the Cartesian position of the endpoint
of a robot manipulator, composed of several segments and joints, by a straightforward
matrix multiplication (homogeneous transformation) of all segment-matrices when the
joint coordinates (joint angles) are given. The inverse transformation, the inverse
kinematics, does the inverse task: when the absolute Cartesian coordinates x of the
endpoint (e.g. the palm of the robot hand) is given, it computes the appropriate joint
coordinates 6; for each segment.

The inverse kinematic of a robot is a quite complicated function and not easy to find.
Furthermore, when the rotation axes of the joints are oriented not in parallel or
orthogonal, it is very hard or quite impossible to find an analytical solution. This fact
prohibits the exploration of user-defined robot architectures and limits the adaption of
robot architectures to the user’s needs.

A very promising approach is to learn the non-linear mapping of inverse kinematic.
One of the existing approaches by neural network systems is the use of Kohonens
neighborhood-conserving mappings [8] by Ritter, Martinetz and Schulten [12]. Since the
mapping is very raw for a small amount of neurons, they additionally use a linear
approximation with learned coefficients. In Fig. 10 the neural network for the robot
control is shown.

Inmput x=( Xq Xy X3 )

k th Cluster

Kohonenmap ¢ y K

eoe i i e e

~ e ok wk
(coarse position) SEx-wS) =] k=
0 else

W idrow-Hoff learning
(fine position) 6,= ZkAik(x'Wk) + elk

Output ®= ( 6, 0, O3 )

Fig. 10. The approximator network for robot control.

Thus, we have a two-layer approximation network again. Since the performance of this
approach heavily depends on the resolution of the neural net and the resolution of the
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internal representation, we have to apply our methods of section 2 to prevent an
exhaustive need for storage. Here we have to balance the number n of storage cells
(number of neurons) per dimension against the bits per cell (resolutions I, Iy, I, of the
weights and coefficients). The choice for the system parameters n, I, Ig, L, can be done

by the information distribution principle introduced above most efficiently.

For this purpose, let us assume that the stochastic approximation process of the
Kohonen mapping has become stable and the mapping has perfectly converged.
Nevertheless, there rests an error d;;; due to the descrete approximation of the non-linear
function. For the example of the commonly used PUMA robot (Fig. 11), this was
evaluated in [3], based on the strategy for optimal storage distribution, studied in [2]. The
main results are given below,

Fig. 11. The PUMA robot (after [FU87]).

Let us first evaluate the error d;;;, due to the linear approximation. Since we have only
rotational axes in the system, the most difficult task for the manipulator is a linear,
straight movement as it is often required in applications. Therefore, we consider the error
on a straight line through the whole cubic work space of the manipulator. This resembles
a cut through the error-weighted workspace.

lg(d, ;™) 102
[mm] n=10 ——/
0 J //,'
10 n=>50 /// /
\\—_-—/ // ’
T
102 i
y  n=1000 L
10'4 ) E— T I ) E—— Y T I
0 2 4 6 8 10  path point

Fig. 12. The absolute positioning error as a function of n (neurons per dim).
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The numerically computed approximation error is shown in Fig. 12. The parameter of the
approximation error is n, the number of neurons in one dimension. Since the robots
works in three dimensions, we have m=n3 neurons in the whole system.

Interestingly, the lines of the different parameter values n=10, 100, 1000 seem to be
shifted vertically with the same offset. A numerical evaluation of the error on the
positioning point with the maximal error (approximately at the third path point) shows us
that this is right; in Fig. 13 the logarithm of the joint error is drawn versus the number »
of the neurons.

[Rad]

10%

1g (dy,,™2%)
102

4 ~

107 \
-6- ~

1073 \
10-8 \

1 10 100 1000 10000 N

Fig. 13. The joint error as a function of ».

This gives us the analytical expression of dj; ™** = B nP as a good approximation
with numerically obtained values for B and b. This coincidences well with the analytical
expression (B.3) for the linear approximation error of the example of a quadratic
function.

The resolution error d . .™** of the linear approximation scheme can be straightfully
calculated by the same ideas as for equation (C.2).

The maximal error is, again, the superposition of the error of the linear approximation

and the resolution error
dfex = |d, maxXed  Max|

Since the form of both errors are now analytically known, the conditions for the optimal
information distribution of Eq. (2.4) can be calculated, using the derivatives of d/™**, i.e.
of d;;, ™= and of d ™. Of the resulting three conditions for four parameters all can
analytically be solved except the condition for m, which was numerically iteratively
approximated. The optimal system parameter values for a fixed amount of system
information are shown in Fig. 14 .

Now we have an optimal configuration of all system parameters yielding the minimal
possible information storage amount for a given Cartesian error. The Cartesian error as a
function of this optimal storage is shown in Fig. 15 for the situation when all weights and
thresholds are forced to have the same resolution (number of bits per variable) but
optimal » and, additionally, when they all have different, optimal resolutions.
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Fig.14. The optimal parameter configurations for minimal information storage.

For a reasonable error of 0.2 mm, a value which is in the range of normal
mechanical inaccuracy of the PUMA manipulator, the necessary 1.9 MB of storage
memory is contained in m=39.6> neurons with the resolution of I,=16.4 Bits for all
weights and coefficients. The optimal configuration with different resolutions gives only
a 18% smaller error, and therefore do not encourage the use of multiplication operations
with variable accuracy which will be necessary in this case.
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Fig.15. The Cartesian error at minimal system information.

4. Conclusion

The principle of optimal information distribution is a criterion for the efficient use
of the different information storage resources in a given network. Furthermore, it can be
used as a tool to balance the system parameters and to obtain the optimal network
parameter configuration according to the minimal usable storage for a maximal error
which is given.

In this paper two examples are presented. First, a simple non-linear function
approximation is evaluated, the conditions for optimal system configuration are stated,
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their solutions are analytically computed and their nature is explained. Second, the more
complicated function of the inverse kinematic of a PUMA robot is considered and the
results for optimal system parameters, which are partially obtained by numerical iterative
approximations, are shown.

Nevertheless, for future work it remains to find procedures more efficient than the
general backpropagation or the Kohonen map for the training of the approximation
layers.
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Appendix A: The optimal output classes

The output information is maximized when
1
H(y) = Iy = max | (1.3)
- With the notation Pi:= P(yi) the condition becomes

!
H(Pl,",PN):z - Zl Pl In Pl = max R
with the constrain. ZP;=1 or g(P;,..Py) = %P;-1=0.

The maximum condition and the restriction are satisfied when the Lagrange-function

L(Pl”"PN’)\') = H(Pl""PN) + lg(Pl ,..,PN)

becomes maximal. The necessary conditions for this are

9 LP*=0,..., 3 LPy)=0, (A.12)
3 LA =0. (A.1b)
oA

From (A.la) we get for each P,

9 L (P*) =0 H(P,*,..Py*) + A3 g(P;*,..Py*) = - [In (P*}+1] +A =0
op, L ap, L TNITTEp N '

1 1

and from (A.1b) our constrain g(.)=0. Since we get for two arbitrary indices i and j the

equation
P;* = exp(A-1) = const = P}*

the probabilities are all equal and we can conclude with the restriction 2;P;=1 that
P@y)* =P(yj)* = I/N for all i,j (A2)

Appendix B: The linear approximation error
The non-linear function in the intervall [x-Ax/2, x+Ax/2] is

fx)=ax2+b

and the linear approximation by the neural network is
?(x):ax+B with o= 2ax .

The approximation error is (see Fig. 3 and B.1)

dy, () =f(x) - {x)=ax?+ b-2axx - B=b-B-ax? = d,
dy, (x+Ax/2) = f(x+Ax/2) — Bx+Ax/2) = d + a(Ax/2)?
dyy, (—Ax/2) = £(x~Ax/2) — Hx—Ax/2) = d + a(Ax/2)? .

Thus, the errors at the boarders are all equal.
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Fig. B.1 The emror of the linear approximation.

The maximal error max(ldy;, (X)1,ld;;,, (x+Ax/2)I) is minimal when all the errors are equal
Iy, GO = Idy;, x+AX2)1,

or Idl = Id + a(Ax/2)2 .

This is given when

d:=-a(Ax/2)?2 .
The maximal linear error is not dependant on the value of x, it is the same in the whole
interval
dj;, ™2 = a(Ax/2)%/2 . B.1)
Since we have Ax= (x;-Xq)/m ,
;™2 = a((x;-Xg)/2m)%/2 = m™2a(x;-x()%/8 , (B.2)
and therefore
dp™* = CmP  with Ci= a(x;-x¢)%/8) and b:=-2 . (B.3)

Appendix C: The resolution error

For the computation of the resolution error, let us assume that in all weights and
thresholds, the maximal increment error 8 has occurred. The resolution and therefore the
maximal increment error in one variable should be independant of its index, i.e. all
weights in one layer are assumed to have equal resolution. Then, the approximating
function becomes with (3.2) and (3.3)

Fx8) = Z; (W, +83)S(z#5) +T+8; C.1)
= Zl Wls(zl+87) +T+ Zl awS(ZI+87) + 8T

Because the intervals are exclusive, for the k' interval, we have to regard only the
influence of one neuron of the first layer; for i<k we have S(z;) = S(z;+6,) = 1 and for
i>k we have S(z;+9,)=0.

T0,8)= (BEIW) + Wy S(erd 1+ T + (B 18y) + Sy S(aye+3,) +87
= f(x) + Wy, + k-1)dy + Sy S(z+3,) +d7 .
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The maximal error d @ is encountered at max(x) = x; on the boarder of the interval
[xp.x1]. The contribution of the term &y S() becomes maximal 3y when S() = 1.
Therefore, we have
tx,.9) f(xl) + @1y + W57 + By S(z+5,) +57
= f(x1)+m8W+W S, +6¢,
and so with § =3 x +0, we get
d,p o= $x,,8) - Fxy)= mdyy + W, (B, x,+8) + 8.

With (3.6¢), we get

d,. %= 2ax, Ax [§,, x{+0,] + m3y + Oy . €2

Using the definitions (3.8b,c.d,e) we get (C.3)

regmex(m)=2ax, (o x)L X, +_L 1+ (x;%p)? + Llaxg2+b - a_(x,-x0)%] 27T
2xx2w 22 oW 2 2 4m?

Appendix D: The evaluation of the optimal information distribution parameters

Let us evalutate the derivative of the first parameter in (3.11) .

With (B.2) we have 9 4™ =9 a8 (x;x)?m? = -_a (x;-X0)? (D.1)
om om 4m3
and with (C.3) we have 2 dp™*= 2 (xox) 2T | D.2)
: om 8 m

Therefore, the expressions (D.1) and (D.2) together with (3.12) yields the first term of
the equations in (3.11),

6] p) dmax

om = - 2 00? [1- 2172 (Tt

(amy )

All the other system parameters Il .Ir do not influence the linear approximation
error dj; ™%, Therefore, the derivation of the error (B.2) is zero and we get the terms

e max 1 _ 2 S 2 _
G 24 (alwys) = 2ax,2Ax %?: ml =~ 2524, (1-%0) )3,

W

because  (3,,) 198, = 2_In(3,) = 2_(In(V,) - I, In(2)) = -In(2)
oL, oL, oL,

(iii) gT?fmax ( 3_11?5) = 2ax;Ax élﬁt m'! _ler%z (x1-Xg) In(2),
(iv) adfmax L ! = §W m’1 = -1n(2) &y
dly (jlsv}(/)
= - 111(2) 8’1‘

9 dmax aIsl._a_
®HT () T
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All the five terms should be equal to yield an optimal information distribution. Let us
evaluate the equalities.
With term (ii) = term (iii), we know that

X; 8 =8, D.3)

The resolution errors of the weights and the threshold of the first layer should be in the -
same order since they produce the same final error by multiplication with W.
The equation (D.3) gives us with (3.8b) and (3.8¢),

xm/(x;xg) 2V =m 27,

1a( 2%) = 1d[(x;-xg)/x] + 1d2™)

L=1,+C with C=1d((x{-x0)/%{) D4)
The information of the threshold has a constant offset from the information of the

weights. For the case of xg=-1, x;=+1, we have with C=1 just one bit offset.

term (iv) = term (v)
The corresponding case for the threshold and weights of the second layer reveals

Oy = Op- D.5)
The threshold should be as fine grained as the weights since it is always involved in the
output accuracy. Eq. (D.5) gives with (3.8d) and (3.8¢),
a(x;xg?m 27 =af2 gy(m) 27T,

and therefore I I

1d 2'T) = 1d@'W) + 1d(gr(m)/2) -1d((x;-xp)*/m) ,

Ip=ly  +1d(gpm)/2) -ld((x;xp)%/m) . ®.6)
The threshold information of the second layer has also an offset to the weights and
depends on the number of inputs from the first layer.

term (iii) = term (iv)
The comparison between the threshold of the first layer and the weights of the second
layer gives

%XI(XI-XO) 8[ = 8w . (D.7)

and therefore using (3.8c) and (3.8d)
ax;(x%) 2 = a (xyxp)? 27W
m m

1d(2") = 1d@W) + 1d(x,/(x;-X0))

L=1,-C D.8)



Determination of Neural Network Parameters ... 227

term (i) = term (v)
The condition for the number of neurons is

2 L (1 - 20 1 () = In@) 87 ®.9)
Using Egs. (D.4), (D.8) and (3.8¢) the condition (D.9) becomes

R0 1L - 2%121= 3 Gy - O) In(2) &/2 gr(m) 27T,

(x1%o2 (2T - 1/2) = 6m3 (Iy; - C) In(2)gr(m) ,
and finally using Eq. (D.6) (D.10)
6m3 (I-1d(gr(m)/2) +1d((x;-x)2/m) —C) In@)gr(m) — (x;-%x)2'T-1/2) = 0,
which can be put into the form
m = h(m,Ip)13 . (D.11)

Since an analytical solution for this equation is not so easy to obtain, we can compute
the desired optimal value m* as the fixpoint of a numerical iteration for given values of
the other parameters It,a,xy,Xg.
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